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Abstract 

We prove that the very simple lattices which consist of a largest, a smallest 
and 2n pairwise incomparable elements where n is a positive integer can be 
realized as the lattices of intermediate subfactors of finite index and finite depth. 
Using the same techniques, we give a necessary and sufficient condition for 
subfactors coming from Loop groups of type A at generic levels to be maximal. 



* Supported in part by NSF. 

1 



1 Introduction 



Let M be a factor and N a subfactor of M which is irreducible, i.e.,N' DM = C. Let 
X be an intermediate von Neumann subalgebra for the inclusion N C M. Note that 
K' H K C N' n M = C, is automatically a factor. Hence the set of all intermediate 
subfactors for iV C M forms a lattice under two natural operations A and V defined 
by: 

K l AK 2 = K 1 f] K 2 , K x VK 2 = U K 2 )" . 

Let G\ be a group and G 2 be a subgroup of Gi. An interval sublattice [Gi/G 2 ] is the 
lattice formed by all intermediate subgroups K, G 2 C K C G x . 

By cross product construction and Galois correspondence, every interval sublattice 
of finite groups can be realized as intermediate subfactor lattice of finite index. The 
study of intermediate subfactors has been very active in recent years (cf. [9],[TS], [2T] . 
[2"9l . [39J and [3T] for only a partial list). By a result of S. Popa (cf. [31]), if a subfactor 
N C M is irreducible and has finite index, then the set of intermediate subfactors 
between N and M is finite. This result was also independently proved by Y. Watatani 
(cf. [39]). In [39], Y. Watatani investigated the question of which finite lattices can 
be realized as intermediate subfactor lattices. Related questions were further studied 
by P. Grossman and V. F. R. Jones in [18] under certain conditions. As emphasized 
in [18], even for a lattice which shapes like a Hexagon and consists of six elements, 
it is not clear if it can be realized as intermediate subfactor lattice with finite index. 
This question has been solved recently by M. Aschbach in PQ among other things. 
In [JJ, M. Aschbach constructed a finite group G\ with a subgroup G 2 such that the 
interval sublattice [Gi/G 2 ] is a Hexagon. The lattices that appear in [T51 ESI H] can 
all be realized as interval sublattice of finite groups. 

It turns out that which finite lattice can be realized as an interval sublattice 
[Gi/G 2 ] with G\ finite is an old problem in finite group theory. See [32] for an 
excellent review and a list of references. 

Most of the attention has been focused on the very simple lattice M n consisting of 
a largest, a smallest and n pairwise incomparable elements. For n — 1, 2, q + 1 (where 
q is a prime power), examples of M n have been found in the finite solvable groups. 
After the first interesting examples found by W. Feit (cf. [IT]). A. Lucchini (cf. [31] ) 
discovered new series of examples for n = q + 2 and for n = fe^n + 1 where t is an 
odd prime. 

At the present the only values of n for which M n occurs as an interval sublattice of 
a finite group are n = 1, 2, q+ 1, q + 2, fejj^ + 1 where t is an odd prime. The smallest 
undecided case is n = 16. In a major contribution to the problem about subgroup 
lattices of finite groups in [2], R. Baddeley and A. Lucchini have reduced the problem 
of realizing M n as interval sublattice of finite groups to a collection of questions about 
finite simple groups. These questions are still quite hard, but eventually they might be 
resolved using the classification of finite simple groups. In this paper, the authors are 
cautious, but their ultimate goal seems to be to show that the list above is complete. 
In view of the above results about finite groups, it seems an interesting problem to 
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ask if Mi6 can be realized as the lattice of intermediate subfactors with finite index. 
This problem is the main motivation for our paper. One of the main results of this 
paper, Theorem 12.401 states that all M 2n are realized as the lattice of intermediate 
subfactors of a pair of hyperfinite type factors with finite depth. Note that by [37] 
this implies that M 2n can also be realized as the lattice of intermediate subfactors of 
a pair of hyperfinite type ll\ factors with finite depth. Thus modulo the conjectures 
of R. Baddeley, A. Lucchini and possibly others we have an infinite series of lattices 
which can be realized by the lattice of intermediate subfactors with finite index and 
finite depth but can not be realized by interval sublattices of finite groups. 

The subfactors which realize M 2n are "orbifold subfactors" of [TUJ HI [33] , and we 
are motivated to examine these subfactors by the example of lattice of type M 6 in [18] 
which is closely related to an Z 2 orbifold. To explain their construction, after first two 
preliminary sections, we will first review the result of A. Wassermann (cf. [23j,[40j) 
about Jones- Wassermann subfactors (cf. Remark (I2.27P ) coming from representations 
of Loop groups of type A in section [231 Section [231 is then devoted to a description of 
"orbifold subfactors" from an induction point of view. Although it is not too hard to 
show that the subfactor contains 2n incomparable intermediate subfactors, the hard 
part of the proof of Theorem 12.401 is to show that there are no more intermediate 
subfactors. Here we give a brief explanation of basic ideas behind our proof and 
describe how the paper is structured. We will use freely notations and concepts that 
can be found in preliminary sections. Let p(M) C M be a subfactor and M\ be 
an intermediate subfactor. In our examples below all factors are isomorphic to the 
hyperfinite type factor, and pp are direct sums of sectors from a set A with 
finitely many irreducible sectors and a non-degenerate braiding. Here we use the 
endomorphism theory pioneered by R. Longo (cf. [21]). Since Mi is isomorphic to 
M, we can choose an isomorphism c\ : M — > M\. Denote by c 2 = c{ x p we have 
p = C1C2 where ci,c 2 G End(M). Note that C\C\ -< pp is in A. Our basic idea to 
investigate the property of c\ is to consider the following set H C1 := {[a]\a -< Aci, A G 
A, a irreducible}. Since A has finitely many irreducible sectors, H C1 is a finite 
set. Moreover since C\C\ G A, an induction method using braidings as in [12] is 
available. This induction method was used by the author in [42J to study subfactors 
from conformal inclusions, and developed further by J. B6ckenhauer-D. Evans and J. 
Bockenhauer-D. Evans-Y. Kawahigashi in [3], [3], [5] , [6], [7J, and [8], and leads to 
strong constraints on the set H C1 . Thus by using A G A to act from the left on ci, one 
may hope to find what C\ is made of. In the cases of Theorem 12.401 and Cor. I5.23[ it 
turns out that there is a sector c in H Cl with smallest index such that c\ -< Ac, and c 
is close to be an automorphism ( It is an automorphism in the case of Cor. 15.231) . and 
the corresponding subfactors have been well studied as those in [42J. In the simplest 
case n = 2, due to A — D — E classification of graphs with norm less than 2, the above 
idea can be applied directly to give a rather quick proof of Th. 12.401 We refer the 
reader to the paragraph after Th. 12.401 which illustrates the above idea. 

When n > 2, the norms of fusion graphs are in general greater than 2, no A — D — E 
classification is available, and this is the main problem we must resolve to carry out 
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the above idea. To explain our method, we note that S matrix as defined in equation 
d2J) has the property 

1-^— I < -^-.V/x 

Jlfi oil 

and 

I S\a . S\i 
1-^— I = ^->V/X 

dip on 

iff A is an automorphism, i.e., A has the smallest index 1. Our first observation is that 
for small index (close to 1) sectors c, certain entries of S'-matrix like quantities (cf. 
Def. 13. 10^ Cor. 13.141) called ip- matrix attain their extremum just like S'-matrices. 
Hence to detect these small index sectors, we need to have a good estimation of the 
entries of ip- matrix. In view of the Verlinde formula (cf. equation 0]) relating S'- 
matrix with fusion rules, it is natural to use the known fusion rules to estimate ip 
matrix. However, since the definition of ip involves sectors which are not braided, the 
above idea does not work unless one can show that certain intertwining operators are 
central (cf. Th. 13.81 and Section 15.11 for discussions) . Our second observation is that 
a class of intertwining operators in Definition 13 . 71 are central (cf. Th. 13.81) . Thanks to 
a number of known results about representations of Loop groups of type A, we show 
that the assumption of Th. 13.81 is verified in our case(cf. Prop. 14. 7p . 

This allows us to show that certain sector with small index does exist (cf. Cor. 
I3.14p . we can indeed find that C\ is made of known subfactors. After a straightforward 
calculations involving known fusion rules in Prop. 14.101 we are able to finish the proof 
of Th. 12.401 for general n. 

In the last section we discuss a few related issues. Conjecture 15.11 is formulated 
which is equivalent to centrality of certain intertwining operators (cf. Prop. 15. 7p . 
and this is motivated by our proof of Th. 12.401 We show in Prop. 15.111 that these 
intertwining operators are central on a subspace which is a linear span of products 
of (cf. Def. 15.91) cups, caps and braiding operators only. These motivate us to 
make Conjecture 15.121 which claims that the subspace is fact the whole space. In 
view of recent development using category theory (cf. [12]), both conjectures can in 
fact be stated in categorical terms, and we don't know any counter examples in the 
categorical setting. In Prop. 15.171 we prove that a weaker version of Conjecture 15.121 
implies Conjecture 15 .![ and from this we are able to prove Conjecture [5J] for modular 
tensor category from SU(n) at level k (cf. Cor. 15.181) . 

In section 15.21 we give applications of Cor. 15.181 To explain these applications, 
recall that a subfactor Af C Mis called maximal if Mi is an intermediate von Neumann 
algebra between N and M implies that Mi = M or Mi = N. This notion is due to 
V. F. R. Jones when he outlined an interesting programme to investigate questions in 
group theory using subfactors (cf. [22j). In the case when M is the crossed product 
of N by a finite group G, it is easy to see that N C M is maximal iff G is an 
abelian group of prime order. Hence for most of G the corresponding subfactor is 
not maximal. Cor. 15.231 gives a necessary and sufficient condition for subfactors from 
representations A of SU(n) at level k ^ n ± 2,n to be maximal: A is maximal iff A 



4 



is not fixed by a nontrivial cyclic automorphism of extended Dynkin diagram (Such 
cyclic automorphisms generate a group isomorphic to Z n ). Hence it follows from Cor. 
15.231 that most of such A are maximal. For an example, if k ^ n ± 2,n, k and n are 
relatively prime, then all A are maximal. 

Besides Propositions and Theorems that have been already mentioned, The first 
two preliminary sections are about sectors, covariant representations, braiding-fusion 
equations, Yang-Baxter equations, Rehren's S, T matrices. The third preliminary 
section summarizes properties of an induction method from [12]. These properties 
have been extensively studied and applied in subsequent work in [3] , [1] , [5] , [5] , [7] and 
[8] from a different point of view where induction takes place between two different 
but isomorphic algebras, and we recall a dictionary relating these two as provided in 
[4"5] . We think that in this paper it is simpler to take the point of view of [12] when 
discussing intermediate subfactors, and it is convenient to represent these intermediate 
subfactors as the range of endomorphisms of one fixed factor, so we do not have to 
switch between different but isomorphic algebras. 

Using the dictionary we translate some properties of relative braidings and local 
extensions from [6] to our setting (cf. Prop. 12.241) . The next two preliminary sections 
are devoted to subfactors from representations of SU(n) at level k and its extensions. 
We collect a few properties about fusion rules, S matrices, and we define the subfactor 
which appears in Th. 12.401 In Prop. 12.411 we show that this subfactor contains 2n 
incomparable proper intermediate subfactors. 

The author would like to thank Professor M. Aschbacher for useful discussions on 
subgroup lattices of finite groups, and especially Professor V. F. R. Jones for helpful 
suggestions and encouragement. 

2 Preliminaries 

For the convenience of the reader we collect here some basic notions that appear in 
this paper. This is only a guideline and the reader should look at the references such 
as preliminary sections of [25] for a more complete treatment. 

2.1 Sectors 

Let M be a properly infinite factor and End(M) the semigroup of unit preserving 
endomorphisms of M. In this paper M will always be the unique hyperfinite 
factors. Let Sect(M) denote the quotient of End(M) modulo unitary equivalence in 
M. We denote by [p] the image of p G End(M) in Sect(M). 

It follows from [2H] and [27J that Sect(M), with M a properly infinite von Neumann 
algebra, is endowed with a natural involution 8^8; moreover, Sect(M) is a semiring. 

Let p G End(M) be a normal faithful conditional expectation e : M — > p{M). We 
define a number d e (possibly oo) by: 

d~ 2 := Max{A G [0, +oo)|e(m+) > Am+,Vm+ G M+} 
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(cf. [PP]). 
We define 

d = Min e {d e \d e < oo}. 

d is called the statistical dimension of p and d 2 is called the Jones index of p. It 
is clear from the definition that the statistical dimension of p depends only on the 
unitary equivalence classes of p. The properties of the statistical dimension can be 
found in [2E],[27] and [2S]. 

Denote by Secto(M) those elements of Sect(M) with finite statistical dimensions. 
For A, p G Secto(M), let Hom(A, p) denote the space of intertwiners from A to p, i.e. 
a G Hom(A, p) iff aX(x) = p(x)a for any x G M. Hom(A,p) is a finite dimensional 
vector space and we use (A, p) to denote the dimension of this space. (A, p) depends 
only on [A] and [p\. Moreover we have {vX,p) = (A,z/p), {vX,p) = {v,pX) which 
follows from Frobenius duality (See [27] ). We will also use the following notation: if 
p is a subsector of A, we will write as p -< A or A >- p. A sector is said to be irreducible 
if it has only one subsector. 

For any p G End(M) with finite index, there is a unique standard minimal inverse 
4>p : M — > M which satisfies 

4> p (p(m)m' p(m")) = m<f>p{m')m n ,m,m' ,m" G M. 

(f) p is completely positive. If t G Hom(pi,p2) then we have 

d Pl (f) Pl (mt) = d P2 (j)p 2 (tm),m G M (1) 

2.2 Sectors from conformal nets and their representations 

We refer the reader to §3 of [25] for definitions of conformal nets and their represen- 
tations. Suppose a conformal net A and a representation A is given. Fix an open 
interval I of the circle and Let M := A{I) be a fixed type II I\ factor. Then A give 
rises to an endomorphism still denoted by A of M. We will recall some of the results 
of [36] and introduce notations. 

Suppose {[A]} is a finite set of all equivalence classes of irreducible, covariant, 
finite-index representations of an irreducible local conformal net A. We will use 
to denote all finite index representations of net A and will use the same notation 
to denote the corresponding sectors of 

We will denote the conjugate of [A] by [A] and identity sector (corresponding to 
the vacuum representation) by [1] if no confusion arises, and let N% = ([X][p], [u]). 
Here (p, v) denotes the dimension of the space of intertwiners from p to v (denoted 
by Hom(p, u)). We will denote by {T e } a basis of isometries in Hom(z/, Ap). The 
univalence of A and the statistical dimension of (cf. §2 of [19]) will be denoted by 
uj\ and d(X) (or d\)) respectively. The unitary braiding operator e(p, A) (cf. [19] ) 
verifies the following 

1 Many statements in this section and section hold true in general case when the the set {[A]} 
is only braided (cf. [7]) and we hope to consider such cases elsewhere. 



6 



Proposition 2.1. (1) Yang-Baxter-Equation (YBE) 

e(//,7)fi(e(A,7))e(A,/i) = j(e(X, n))e(X,j)X(e(fi,j)) . 

(2) Braiding-Fusion-Equation (BFE) 
For any w G Hom(//7, 5) 

e(A, 5)A(w) = wfi(e(X, 7))e(A, //) 
A)w = X(w)e(/j, A)^(e(7, A)) 
A)*A(w) = w/i(e( 7 , A)*)e(/i, A)* 
e(A, <y)*A(iu) =«;//(e(7,A)*)e(A,/i)* 

Lemma 2.2. // A,/i are irreducible, and t u G Hom(i/, A/i) zs an isometry, then 
t v e{^X)e{X^)tl=^-. 

By Prop. 12.11 it follows that if t{ G Hom(//j, A) is an isometry, then 

e(fi, fii)e((ii, fi) = t*e(fi, X)e(X, fi)U 

We shall always identify the center of M with C. Then we have the following 

Lemma 2.3. If 

e(fi, X)e(X, fi) G C, 

then 

e(fi, /JLi)e(fii, fi) G C,VjUi -< X. 
Let <p\ be the unique minimal left inverse of A, define: 

Y x , := d(\)d(fi)<l>Mf*> A )* e (A, f*Y), (2) 

where e(fi, A) is the unitary braiding operator (cf. [19] ). 
We list two properties of Y Xil (cf. (5.13), (5.14) of [36]): 



Lemma 2.4. 



k 



We note that one may take the second equation in the above lemma as the defini- 
tion of Y Xfl . 

Define a := 'Ylnd 2 pi uo~\ If the matrix (Y^) is invertible, by Proposition on P.351 
of [36] a satisfies \a\ 2 = J2 x d(X) 2 . 

Definition 2.5. Let a = \a\ exp(— 27u^-) where Co 6 t and Co is well defined mod 8Z. 
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Define matrices 

S := {a^Y, T := CDiag(cu A ) (3) 

where 

C := exp(— 2m — ). 
Then these matrices satisfy (cf. [36J): 
Lemma 2.6. 

ss \ = TT t = id; 
STS = T^ST- 1 , 
S 2 = C, 
TC = CT, 

where C*a m = 5a/j is the conjugation matrix. 
Moreover 

A^ = £^T^- (4) 

is known as Verlinde formula. The commutative algebra generated by A's with struc- 
ture constants N% is called fusion algebra of A. If Y is invertible, it follows from 
Lemma 12.61 (j3J) that any nontrivial irreducible representation of the fusion algebra is 



c 1 

of the form A — * -W^ for some \i 



2.3 Induced endomorphisms 

Suppose that p G End(M) has the property that 7 =_Pf> G ^a- By §2.7 of [30], we can 
find two isometries V\ G Hom(7, 7 2 ), vj\ G Hom(l, 7)3 such that p(M) and t>i generate 
M and 

UlV! = 7(^1)^1 



By Thm. 4.9 of [30J, we shall say that p is /oca/ if 

= ^7(^1) = 1 (5) 

fifi = 7(^1)^1 (6) 

p(e(7,7))vi = vi (7) 

Note that if p is local, then 

^ M = 1, V/i -<: pp (8) 

2 We use «i,u>i instead of u,iy here since w,w are used to denote sectors in Section 1231 
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For each (not necessarily irreducible) A G A^, let e(A, 7) : A7 — > 7A (resp. e(X, 7)), 
be the positive (resp. negative) braiding operator as defined in Section 1.4 of [4*2] . 
Denote by A £ G End(M) which is defined by 



X £ (x) : 
X e (x) : 



ad(e(X, 7))A(x) = e(A, j)X(x)e(X, 7)* 
ad(e(A,7))A(a;) = e(A, 7 )*A(a;)e(A, 7)*, Vx G M. 



By (1) of Theorem 3.1 of [12], A £ p(M) C p{M), X g p(M) C p(M), hence the following 
definition makes sens^E 

Definition 2.7. If X E A .4 define two elements ofEnd(M) by 



a x (resp. a x ) will be referred to as positive (resp. negative) induction of X with respect 
to p. 

Remark 2.8. For simplicity we will use a\,a\ to denote a p x ,a p x when it is clear that 
inductions are with respect to the same p. 

The endomorphisms a\ are called braided endomorphisms in [42J due to its braid- 
ing properties (cf. (2) of Corollary 3.4 in [42J), and enjoy an interesting set of prop- 
erties (cf. Section 3 of [12]). Though [12] focus on the local case0 which was clearly 
the most interesting case in terms of producing subfactors, as observed in [3], [1], [5], 
[6] that many of the arguments in [42] can be generalized. These properties are also 
studied in a slightly different context in [3], [1], [5]. In these papers, the induction 
is between M and a subfactor N of M ,while the induction above is on the same 
algebra. A dictionary between our notations here and these papers has been set up 
in [IS] which simply use an isomorphism between N and M. Here one has a choice to 
use this isomorphism to translate all endomorphisms of N to endomorphims of M , or 
equivalently all endomorphims of M to endomorphims of N. In [45J the later choice 
is made (Hence M in [15] will be our iV below). Here we make the first choice which 
makes the dictionary slightly simpler. Our dictionary here is equivalent to that of 
[4"5] . Set iV = p(M). In the following the notations from [3] will be given a subscript 
BE. The formulas are : 



3 We have changed the notations a\, d\ of [32] to d\, a\ of this paper to make some of the formulas 
such as equation (fT5)) simpler. 

4 As we will see in Prop. 12.241 the induction with respect to non-local p is closely related to 
induction with respect to certain local p' related to p. 



a x {m) := p 1 (A £ p(m)), a p x {m) := p 1 (A £ p(m)),Vm G M. 



p\N = i BEl pp \N = iBE^BE, 

7 = P~ 1 0beP, PP = Ibe, 
X = p^Xbep, e(X, p) = p(e + (X B E, Pbe)) 
e(X,p) = p{e~(X BE ,p BE )) 



(9) 
(10) 

(11) 
(12) 
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The dictionary between a\ e End(M) in definition 12.71 and a x as in Definition 3.3, 
Definition 3.5 of [3 J are given by: 

a * = a A BE >«A = «a sb ( 13 ) 

The above formulas will be referred to as our dictionary between the notations of [12] 
and that of [3J. The proof is the same as that of [45J. Using this dictionary one can 
easily translate results of [12] into the settings of [3], [1], [5], [6], [TJ, [8]and vice versa. 
First we summarize a few properties from [12] which will be used in this paper: (cf. 
Th. 3.1 , Co. 3.2 and Th. 3.3 of p] ): 

Proposition 2.9. (1). The maps [A] — > [a^], [A] — > [a>] are ring homomorphisms; 

(2) a x p = d\p = pX; 

(3) When pp is local, la\, a^) = la\, a^) = la\p~, a^p) = laxp.a^p); 

(4) (3) remains valid if a\,a p (resp. ax,a p ) are replaced by their subsectors. 

Definition 2.10. H p is a finite dimensional vector space over C with orthonormal 
basis consisting of irreducible sectors of [Ap],VA e A^. 

[A] acts linearly on H p by [A] [a] = ^ 6 IXa, b) [b] where [6] are elements in the basis of 
Hp. □ By abuse of notation, we use [A] to denote the corresponding matrix relative to 
the basis of H p . By definition these matrices are normal and commuting, so they can 
be simultaneously diagonalized. Recall the irreducible representations of the fusion 
algebra of A are given by 

x —> -ha 

Definition 2.11. Assume lXa,b) = X^ie(Exp) ff 1 ' where (f)^'^ are nor- 

^ s 

malized orthogonal eigenvectors of [A] with eigenvalue Exp is a set of p,i ? s and 
i is an index indicating the multiplicity of p. Recall if a representation is denoted by 
1, it will always be the vacuum representation. 

The following lemma is elementary: 

Lemma 2.12. (1): 

£< = i 

b ^ 

where the sum is over the basis of H p . The vacuum appears once in Exp and 

4>^ = S n d a ; 

(2) 

A\,i)Ax,i)* q 
- 2 = ^lua,b) — 

where if X does not appear in Exp then the righthand side is zero. 



3 By abuse of notation, in this paper we use J^b t° denote the sum over the basis [b] in H p 
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Proof Ad (1): By definition we have 

M = la P' ^ t A ] = la > A ^ M 

A A 

where in the second = we have used Frobenius reciprocity. Hence 

d a dp = lap, X)d x 

A 

and we obtain 

A A, a a 

(2) follows from definition and orthogality of S matrix. ■ 
2.4 Relative braidings 

In [32], commutativity among subsectors of a A ,a M were studied. We record these 
results in the following for later use: 

Lemma 2.13. (1) Let [b] (resp. \b'\) be any subsector of a x (resp. a x ). Then 

[a,b] = [6a M ], [a M 6'] = [b'a^p, [W] = [66']; 

(2) Let [b] be a subsector o/a M a A , then [a v b] = [ba u ], [a v b] = [6a„], W. 

Proof (1) follows from (1) of Th. 3.6 and Lemma 3.3 of [32] ■ (2) follows from the 
proof of Lemma 3.3 of [42J. Also cf. Lemma 3.20 of [5]. ■ 

In the proof of these commutativity relations in [42J, an implicit use of relative 
braidings was made. These braidings are further studied in [3], [3] and let us recall 
their properties in our setting by using our dictionary ([TBI . 

Let ft, S G End(M) be subsectors of a x and a M . By Lemma 3.3 of [32], [ft] and [S] 
commute. Denote by e r (ft,8) given by: 

e r (ft, 5) : = s*a tl (t*)p(a Xtl )a x (s)t G Rom(ft5, 5ft) (14) 
e r (8,ft): = e r (ft,8)-\ (15) 

with isometries t G Hom(/5, a x ) and s G Hom(5, a M ). Also 

er(aA,a A1 ) = p(°v) , e r (a A ,a At ) = p(5- A/ J 

Lemma 2.14. The operator e r (ft,5) defined above does not depend on X, p and the 

isometries s,t in the sense that, if there are isometries x G Hom(ft,a u ) and y G 
Hom(<5, 0$-^), then 

e r (ft,5) = s*a 5x {t*)p{a vXl )a v {y)x 
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Lemma 2.15. The system of unitaries of Eq. (Lfy provides a relative braiding between 
representative endomorphisms of subsectors ofd\ anda^ in the sense that , if (3,5, u, £ 
are subsectors of [d\], [a^\, [5„], [a^J, respectively, then we have initial conditions 

e r (id M ,5) = e r (p,id M ) = 1, 

compositions rules 

e r (Pu,6) = e r (P,d)P(e r (u,6)),e r ((3,6£) = 5(e r ((3,0)e r (P,6), 
and naturality 

5(q + )e r ((3,5) = e r (u,5)q + ,q-,e r ((3,5) = e r ((3, f )/?(?-) 

whenever q + G Hom(/3, uj) and g_ G Hom(S,^). 

For the collection of (3,5 such that (3 -< a\, (3 -< d\ and 5 -< a^, 5 -< a M for some 
(varying) A,/i G A a , the unitaries e r ((3, 5), e r (5, (3) defines a braiding: i.e., they verify 
YBE and BFE in Prop. \2J\ 

Lemma 2.16. Let r G Hom(A3, A1A2). Then 

p(r) G Hom(a A3 , a Al a A2 ) n Hom(a A3 , a Al a A J. 

Proof When pp is local, the lemma follows from Th. 3.3 of [32] ■ Let us prove the 
general case. Since a A p = pA, we have p(r) G Hom(a A3 p, a AlA2 p). Since M is generated 
by p(M),Vi, to finish the proof we just need to check that 

p(r)a X3 (vi) = a Xl \ 2 (v 1 )p(r) 

Since p is one to one, applying p to the above equation it is sufficient to check that 

7(r)pa A3 (>i) = pa AlA2 (>i)7(r) 

Using pa\ = e(X, -y)Xpe(X, 7)*, one can check directly that this equation follows from 
Prop. O ■ 
The following is Lemma 3.25 of [3] in our setting: 

Lemma 2.17. If r £ Hom(pA,pp), then 

rp(e(m, A)) = p(e(jii, X))a^(r),rp(e(p h A)) = p{e(p x , A))a Ml (r). 

Following [7J we define 
Definition 2.18. For X, p G A_a, := la\,a^). 

We can now translate Th. 5.7 and Th. 6.12 of [7] into our setting: 
Proposition 2.19. (l)p appears in Exp as defined in Definition \2.11\ with multiplicity 

(2) as a matrix commute with S,T matrices as defined in equation |3)]. 
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By Lemma [2.121 and Prop. 12.191 we have the following: 
Lemma 2.20. If 

then la\, > 1 

The following follows from Prop. 3.1 of [7]: 

Lemma 2.21. For any A G A_4,6 G H p we have e(X,bp) G Hom(A6, ba\), e(X, bp) G 
Hom(A6, bd\). 

Later we will consider the following analogue of S'-matrix using relative braidings. 
Suppose that T p G Hom(a At , a p ),\fp G (T^ can be zero). 

Definition 2.22. For p G A_4, b G H p irreducible , define 

(T ) 

% m; := Sudbd^^e^p, p)b(T p )e(p,bp)). 

Lemma 2.23. (1): ijj b M depends only on [&]; 
(2) 

£#•>>] 

b 

is either zero or an eigenvector of [A] with eigenvalue and Ylb^b ^& = unless 

p\ = [i]; 

(3) If T^^T^ are unitaries, and for any irreducible X -< pp, 1 -< a\ iff [A] = [1], 

^en|E 6 ^ TM Vr A) | = l; 

(4) IfTp is unitary then iV'b I — Snd^db- 

Proof Ad(l): Suppose that [b\] = [b] and let U G B.om(bi,b) be a unitary. We have 

% M = Sndbd^^e^bp, p)b(T p )e(p,bp)) 

= Sndbd^^pi^U^e^bp, p)bp(T p )e(p, bp)p(U)) 
= Sndbdp^efap, p)U*b(T^)Ue(p, b x p)) 
= Sndbd^^eihp, p)b 1 (T p )e(p, hp)) 

Where we have used BFE of Prop. 12.11 in the third =. 

Ad (2): Let U t i G Hom(6, Xb f ) be isometries such that ^ntb^ti = 1- Then 



6 6,i 
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where we have used equation ([I]). By Prop. 12.11 we have 

X s n d ^ d b'(p\(p^(tb,i)s(bp, p)b(T^)e(p, 

b.i 

= Si 1 d IM dxd V (f)x(f> fJ ,(e(Xb' p, /i)fe(T /i )e(// ! Afc'p)) 



C ^6' 

Hence 

6 6,6' ^ 6' 

By (1) of Lemma 12. 121 we conclude that ^b^^ d b = unless [p] = [1]. 

Ad (3): Let £a,i € Hom(A, pp) be isometries such that J2xi^K^*x,i = 1- Then 

Vf M VP } = Snd^M^^mWfiM) 

= S^dld^^eibp, pp)b{T IJ ,a tJ ,{Tj l ))e{pp l , ftp)) 

= 5^4 ^ d b d X (px(e(bp, \)b(p(tx,i)*T^a^(Tp)p(tx,i))e(\, bp)) 

Where we have used equation ([1]) and Lemma \2. 211 in the second = and BFE of Prop. 
Oin the third =. By (2) of Lemma [223 

^2d b d b dx(/)x{£{bp, X)b(p{t ) J)*T lt a li (Tf l )p{tx,i))e(X,bp)) = 

6 

unless [A] = [1]. Denote by t\ G Hom(l,p/2) the unique (up to scalar) isometry. Then 
we have (Recall we always identify the center of M with C) 



On the other hand since T^Tp, are unitaries, we have 



A./ 



Since p{ti)*T^a^{Tp)p{tx^i) G Hom(a A , 1), by assumption it is unless [A] = [1]. We 
conclude that |p(ti)*T /J a /J (T^)p(t 1 )| = 1 and (3) is proved. (4) follows since M is 
completely positive. 

■ 

Using equation (JIB"]) , the following is a translation of Prop. 3.2 and Th. 4.7 
of [6] into our setting: 
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Proposition 2.24. Suppose that pp G A. Then: 
(1) p is local iff 11, ay) = lpp,p),Vp G A A ; 
(2) 

p = p'p" = p'p" 

where p',p",p',p" G End(M) ; and p',p' are local which verifies 

lp'p\p) = ll,a,)=ll,a^) 
Ip'P'^) = 11,%) = H,a p ^} 

V/i G A A . 

The following Lemma is Prop. 3.23 of [3] (The proof was also implicitly contained 
in the proof of Lemma 3.2 of [42]): 

Lemma 2.25. If pp is local, then [a\] = [a A ] iff e(X, pp)e(pp, A) = 1. 



2.5 Jones- Wassermann subfactors from representation of Loop 
groups 

Let G = SU(n). We denote LG the group of smooth maps / : S 1 i— ► G under 
pointwise multiplication. The diffeomorphism group of the circle DiffS" 1 is naturally 
a subgroup of Aut (LG?) with the action given by reparametrization. In particular the 
group of rotations RotS* 1 ~ U(l) acts on LG. We will be interested in the projective 
unitary representation it : LG — > U(H) that are both irreducible and have positive 
energy. This means that 7r should extend to LG xi Rot S 1 so that H = ® n > H(n), 
where the H{n) are the eigenspace for the action of RotS* 1 , i.e., rgC, = exp(in8) for 
9 G H(n) and dim H(n) < oo with H(0) ^ 0. It follows from [35] that for fixed 
level k which is a positive integer, there are only finite number of such irreducible 
representations indexed by the finite set 

Pl + = LeP\\= ^A^O, x ^ k ) 

^ 1=1,." ,71— 1 8=1, ••• ,71— 1 

where P is the weight lattice of SU (n) and A* are the fundamental weights. We will 
write A = (Ai, A n _i), Ao = k — J2i<i< n -i ^« anc ^ re f er to Ao, X n -i as components 
of A. 

We will use Ao or simply 1 to denote the trivial representation of SU(n). For 
\fi,v G define = £ aeP * + 3^ 3^ / 3^) where is given by the 

Kac- Peterson formula (cf. equation (ITTj) below for an equivalent formula): 

= c e w exp(iw(5) ■ X2ir/n) 

weS„ 

where e w = det(w) and c is a normalization constant fixed by the requirement that 
is an orthonormal system. It is shown in [24J P. 288 that N% are non-negative 



15 



integers. Moreover, define Gr(Ck) to be the ring whose basis are elements of P£ , with 
structure constants N% . The natural involution * on P+ + is defined by A t— > A* = the 
conjugate of A as representation of SU{n). 

We shall also denote by S[ A \ Define d\ = -%^y- We shall call (S^) the 

S'-matrix of LSU (n) at level k. 

We shall encounter the Z n group of automorphisms of this set of weights, generated 

by 

cr : A = (Ai, A 2 , • • • , A n _i) — > cr(A) = (k - 1 — Ai - • • • A„_i, Ai, • • • , A n _ 2 ). 

Define col(A) = £«(Aj — l)i. The central element exp — of SU(n) acts on represen- 
tation of SU(n) labeled by A as exp( 27nc ° 1( - A ^ ). The irreducible positive energy repre- 
sentations of LSU(n) at level k give rise to an irreducible conformal net A (cf. [25]) 
and its covariant representations. We will use A = (Ai, ...A n _i) to denote irreducible 
representations of A and also the corresponding endomorphism of M — A(I). 

All the sectors [A] with A irreducible generate the fusion ring of A. 

For A irreducible, the univalence uj\ is given by an explicit formula (cf. 9.4 of 
[PS]). Let us first define h\ = where c 2 (A) is the value of Casimir operator 
on representation of SU(n) labeled by dominant weight A. h\ is usually called the 
conformal dimension. Then we have: U\ = exp(2irihx) ■ The conformal dimension of 
A = (Ai, A n _i) is given by 

l<?<n— 1 v ' l<J<«<n— 1 1<J<«— 1 

(16) 

The following form of Kac-Peterson formula for S matrix will be used later: 



S 



if 



Chx>(xi,...,x„ r . 1 ,l) (17) 



Where chy is the character associated with finite irreducible representation of SU(n) 

labeled by A, and x t = exp(-27ri^), //■ = Y.i<j< n ~i(^o + 1), 1 < i < n - 1. 
It follows that S matrix verifies: 

27ricol(A) 

SxrfU) = exp( )S X f, (18) 

n 

The following result is proved in [10] (See Corollary 1 of Chapter V in [4Ti]). 

Theorem 2.26. Each A G P|+ has finite index with index value d\. The fusion ring 
generated by all A G P_|+ is isomorphic to Gr(Ck)- 

Remark 2.27. The subfactors in the above theorem are called Jones-Wassermann 
subf actors after the authors who first studied them (cf. f2^,^4Uj). 

Definition 2.28. v := (1, 0, 0), v := (1, 0, 0, 1), u/ = kA { , < i < n - 1. 
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The following is observed in [T6] : 

Lemma 2.29. Let (0, 0, 1, 0, ...0) be the i-th (1 < i < n — 1) fundamental weight. 
Then [(0, 0, 1, 0, ...0)A] are determined as follows: ji -< (0, 0, 1, 0, ...0)A iff when 
the Young diagram of \x can be obtained from Young diagram of A by adding i boxes 
on i different rows of X, and such \i appears in [(0, ...,0, 1,0, ...0)A] only once. 

Lemma 2.30. (1) If [A] ^ uj 1 for some < i < n — 1, then v -< AA; 

(2) If A1A2 is irreducible, then either Ai or A 2 = uj 1 for some < % < n — 1. 

Proof By Lemma [2.291 we have that 

Iv A, v A) = 1 

iff A = uj % for some < % < n — 1. By Frobenius reciprocity 

/t> A, t> A) = Zl + 1> , AA) = 1 + Ivq, AA) 

Hence 

Zu , AA) = 

iff A = uj 1 for some < i < n — 1. If A1A2 is irreducible, then by Frobenius reciprocity 
again we have 

/A1A1, A 2 A 2 ) = 1 > 1 + lv , Xi\i)lv , A 2 A 2 ) 

Hence either 

lv , A1A1) = 

or 

lv , A 2 A 2 ) = 

and the lemma follows. ■ 
Lemma 2.31. Suppose A G A_4 and A zs not necessarily irreducible. Then 

e(X, v)e(v, A) G C 
^ [A] = X]j[ Co,J '] where the summation is over a finite set. 
Proof By Prop. 12.11 we have that 

e(v m ,X)e(X,v m ) G C 

for all m > 0. Since any irreducible fi is a subsector of v m for some m > 0, by Lemma 
12.31 we have that Xi)e(Xi,fi) G C, V/i, Ai -< A. By definition of S 1 matrix we have 
I^VaiI 2 = ISiAjG^tl 2 - Sum over /i we have d\ 1 = 1, i.e., Ai is an automorphism, and this 
implies that vXi is irreducible. The lemma now follows from Lemma [2.301 ■ 

Lemma 2.32. For any m > 1, Hom(f m , t> m ) zs generated as an algebra by 1, , v )), 1 < 
i < m — 1. 
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Proof This is (3) of Lemma 3.1.1 in [15] and is essentially contained in [H]. ■ 
Now let pp G A_4 where A is the conformal net associated with SU(n) at level k, 
and consider induction with respect to p as defined in Definition 12.71 We have 

Lemma 2.33. (1) always irreducible; 

(2) d V0 = liffk = n = 2; 

(3) Ifk^n± 2, n, then irreducible. 

Proof It is enough to prove the Lemma for positive induction. The negative induc- 
tion case is similar. Assume that p = p'p" as in Prop. I2.24[ since la x , 1) = Ip'p', A) = 
la p x , 1), VA, it is enough to prove the Lemma for induction with respect to p' . Hence 
we may assume that p is local. By (3) of Prop. 12.91 we have 

la v , a v ) = Ipp, vv) = 1 + Ipp, v ) 

Since u VQ = exp(|^) ^ 1, by equation ([8]) we conclude that lpp,v ) = and (1) is 
proved. (2) follows from equation ffTTj) . 
Ad (3) By Lemma [2.291 we have 

[V] = [l]+2[« ] + [(2, 0, 0, 2)] + [(0, 1, 0, 1, 0)] + [(0, 1, 0, 0, 2)] + [(2, 0, 0, 1, 0)] 

By computing the conformal dimensions of the descendants of Vq 2 using equation ([TBI) 
we have 

_ 2 + 2n 2n 2n - 2 

h m ...,o,2) - -^^(o,!,...^) - ^(2,o,..,i,o) - ^^(o,i i,o) - T ^ 

By equation (jSJ) we conclude that if k ^ n ± 2, n, then /t> 2 , pp) = 1 and (3) is proved. 

2.6 Induced subfactors from simple current extensions 

In this section we assume that the level k = n'n where n' > 3, and n' is an even integer 
if n is even. This last condition comes from [H]. For such level it is shown in §3 of 
[4J that there is p D G End(M) such that [p po\ = Scx^n-il^'] an d Popo is local. It 
also follows from definitions that one can choose p p = J2o <i<n ^i[g l ] where [g n ] = [1] 
and [a v ] = [a v g] (cf. §6.1 of [25]). Also note that [a^i] = [lj, Vz. The following is a 
consequence of Lemma [2.121 and Prop. 12.91 : 

Lemma 2.34. There exists an orthonormal basis XL^aH where col(p) = Omod n 
and the sum is over all irreducible subsectors of a\, VA such that 

ii,i,co\(n)=amod n lM 
The following follows from Cor. 4.9 of [25J: 



18 



Lemma 2.35. (1) Let X be irreducible and suppose I is the smallest positive integer 
with [uj 1 \] = [A]. Then [ax] = Ylii<i<v\ x i\ where VI = n and [g l Xig~ l ] = < i < 

V, [xi] 7^ [xj] if i ^ j. Similar statements hold true for ax', 

(2) lax, dp) iff [A] = for some 1 < j < n iff [a x ] = [aj. Similar 

statements hold true for oa, a M . 

Later we will use the following analogue of Lemma 12.311 

Lemma 2.36. If e(vo, X)e(X,Vo) E C, then [A] = J2j L0 ' j where the sum is over a finite 
set of positive integers. 

Proof By Prop. 12.11 and Lemma 12731 we have that e(v m , Ai)e(A 1; v m ) E C for all 
m > 0, Ai -< A. By Lemma [2731 again we have e(fi, Ai)e(Ai, fi) E C for all \i -< Vo m , X± -< 
A. Since by Lemma [2.291 any /j with col(/i) = Omod n is a subsector of vo m for some 
m > 0, we conclude that Xi)e(Xi,/i) E C for all /x, col(/x) = Omod n, Ai -< A. By 
the definition of S matrix we have 

l-S^Ail = dAil^il, V/i, col(/i) = Omod n 

Set [a] = [b] = [1] in Lemma [2.341 we have 

Ai,j,col(/^)=0mod n 

By Lemma [2.351 we have 

d\ 1 > la Xl ,a Xl ) 

and we conclude that d\ 1 = 1, and in particular v\i is irreducible. The lemma now 
follows from Lemma [2.301 ■ 
The subfactors a\(M) C M are type III analogue of "orbifold subfactors" studied 
in [TO] and [S|. 

Lemma 2.37. If x -< ax, X irreducible and d x = 1, then [A] = [^*],1 < i < n and 
[*] = [!]■ 

Proof If [A] 7^ [u/],V2, then by Lemma [2.301 AA >- Vq, and by Lemma [2.331 we have 
a\a\ y a Vo . Since x -< a\,d x = 1, by Lemma [2.351 we conclude that d avQ = d VQ = 1. 
This is impossible by Lemma [2.331 and our assumption k = n'n, n' > 3. 

■ 

Let (n', n', n') be the unique fixed representation under the action of Z n . By 
Lemma 12.351 

[a(n',n'...,n')) = ^' [#^1^1 = [ & i+l]>° < * < 71 ~ 1 

l<i<n 

Definition 2.38. Denote by u := (n' + 1, n', n' , n'). 
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Note that by Lemma 12.351 a u is irreducible. 
Lemma 2.39. (1) 

Suvq 7^ 0) 

(2) Let A = (n, 0, 0). Then la^, a A ) = 0, and S u & 0. 
Proof Ad (1) Since n[a u ] = [a v b{], by Lemma [2.341 



Direct computation using equation ffTTl) shows that ^ 0. Note that by equation 







"S(n',...,n')jj 
Slv 

since col(t>) = 1, hence 

*5 '{n' ,...,n')»o 
S\{n' ,...ri) 

and this implies that S(n',...,n')v 7^ and (1) is proved. 

Ad (2) Since = n'n > 3n, it follows that loo^A, A) = 0,V1 < j < n. By Lemma 
12.351 Za a . a A ) = 0. Since [a v a M ,ri ...,ri)} — n[a u ], by Lemma [2.341 we have 

S U A S v \ S( n i ra ')A 

= — 

'S'lA 'S'lA 'S'lA 

Hence to finish the proof we just have to check that S v a ^ 0, S^',...,™/^ 7^ 0. Since 
Ch v '(x±, ...,x n ) = J2i<i< n x ii by equation (|T7|) up to a nonzero constant S^a is equal 
to 

exp(-2vri(2n - l)/(k + n)) + V] exp(-2irij/(k + n)) 

0<J<n-2 

This sum is equal to iff n = k = 2. Note that C/iA'( complete symmetric 

polynomial of degree n. S v \ 7^ now follows directly from equation (jTTt) (cf. (2.7a) 
of [T3] for more general statement). ■ 

■ 

The main theorem of this section is: 

Theorem 2.40. The lattice of intermediate subfactors of a u (M) C M is M.2 n - 

The proof will be given in section [H Let us first show that the subfactor in 
Theorem 12.401 contains 2n incomparable intermediate subfactors. By fusion rule with 
v in Lemma [2.291 we have 

[a u ] = [a v bi] = [6ja„],Vl < i < n. 
Therefore we can assume that 

a u = Uia v biU* = VA^V*, 1 <i <n 
where Ui, Vi are unitaries. 
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Proposition 2.41. (1): As von Neumann algebras 



umm)u* = U,a v ( M ) U h V MM)V* = V 3 b 3 (M)V* 

(2) Uia v (M)U* is not an intermediate subf actor in Vjbj(M)V* C M; 

(3) Vjbj(M)V* is not an intermediate subfactor in Uia v (M)U* C M. 

Proof Ad(l): If Uia v (M)U* = U 5 a v {M)U*, then Uia v (m)U* = Uja v (9(m))U* ,Vm G 
M where 9 is an automorphism of M. By Frobenius reciprocity we have [9] -< [a v av]- 
By Lemma [2.371 we conclude that [9] = [1] and hence 

Uia v (m)U* = Uja v (U)a v (m)a v (U)*U*,ym G M 

for some unitary U G M. Hence 

Ad Ut a v bi = Ad Ujav (u)<h)bi = Ad U;j a v bj 

and we conclude that [bi\ = [fy], hence i = j. The second statement in (1) is proved 
similarly. 

Ad (2): If Uia v {M)U* is an intermediate subfactor in Vjbj(M)V* C M, then 
Adybj = AdjjflvC for some C G End(M), and it follows that [bjbj] >- [a v d v ] y [a Vo ] 
Hence 

la v bj,a v bj) = lbjbj,a v d v ) > 2 

contradicting the irreducibility of [a u ] = [a v bj]. 

Ad (3): If Vjbj(M)V* is an intermediate subfactor in Uia v (M)U* C M, then there 
is C G End(M) such that [bjC] = [a v ]. Since [a v d v ] = [1] + [a Vo ] and a VQ is irreducible 
by Lemma |2.33[ we must have [bjbj] = [a v d v ] and therefore dc> = 1. By Frobenius 
reciprocity C -< [bja v ], but [bja v ] is irreducible since a u is irreducible, a contradiction. 
■ 

Here we give a quick proof of Th. 12.401 for n = 2 and 7^ 10, 28 to illustrate some 
ideas behind the proof. Suppose that Mi is an intermediate subfactor of a u (M) C M. 
Since all factors in this paper are isomorphic to hyperfinite type factor, we can 
find ci,C2 G End(M) such that a u = C1C2 and c\(M) = M\. Let p = poCi, and 
enumerate the basis of H p by irreducible sectors a. Note that a must be of the form 
PqC with c irreducible, and so d a > d po = \pl. 

Consider the fusion graph associated with the action of v on H p : the vertices of 
this graph are irreducible sectors a, and vertices a and b are connected by Iva, b) edges. 
By Lemma [2.121 this graph is connected and has norm 2cos(|^2), and hence it must 
be A — D — E graph (cf. Chap. 1 of [IT]). Since k 7^ 10, 28 it must be A or D graph. 
By Lemma [2.121 we have ^2 a d 2 a = 4r = 1 . \, Since d a > d Po = a/2, are the 

*11 k+2 Sm \k+2> 

entries of Perron-Frobenius eigenvector for the graph (Such eigenvector is unique up to 
a positive scalar) , compare with the eigenvectors of A-D-E graphs listed for example 
in Chap. 1 of [17]) we conclude that the graph is D graph and there is a sector c 
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with d c = 1 and c\ -< a^c for some /j £ A. We conclude that either [ci] = [a M c], or 
[ci] = [6jc], 1 < z < 2. In the former case [c 2 ] = [c _1 a A ] or [c 2 ] = [c -1 &j], 1 < j < 2. 
But if [e 2 ] = [c _1 cia] then [a u ] = [g^oa] is irreducible, and by Lemma 12.301 [a M ] = [a u ] 
or [a M ] = [1], which implies that M 1 is either a u (M) or M. If [c 2 ] = [c -1 &j], 1 < j ' < 2, 
then [a n ] = [a^bj] and by computing the index and note that the colors of u and bj are 
lmod 2, Omod 2 respectively we have = a v , and we conclude that Mi must be one 
of the intermediate subfactors given in Prop. 12.411 The case of [ci] = [6jc], 1 < i < 2 
is treated similarly. By Prop. 12.411 we have proved Th J2.40l for n = 2, k ^ 10, 28. The 
same idea as presented above can be used to give a complete list of all intermediate 
subfactors of Goodman-Harpe- Jones subfactors. We hope to discuss this and related 
problems elsewhere. 

3 Centrality of a class of intertwinners and its con- 
sequences 

We preserve the setup of section 12.51 

Assume that pp G A^. We will investigate a class of inductions which are motivated 
by finding a proof of Th. I2.40L 

In this section we assume that [a v ] = [ha v ], [h n ] = [1], a Vo is irreducible, and if 
p -< v 2 , 1 -< a M , then [p] = [1]. 

Choose a unitary T G Hom(a„, ha v ). Such T is unique up to scalar since a v is irre- 
ducible. By Lemma \2. 131 we have [ha v ] = [a v h\. Choose a unitary 7\ G Hom(a v h, ha v ). 
Note that Ti is unique up to scalar since ha v is irreducible. 

Definition 3.1. Denote by U n := Ta v (T)a 2 v (T)...a"-\T) G Hom«, (ha v ) n ). 
Denote by Ti := Tia v (Ti)...a l ~ 1 {Ti) G Hom(a*/i, ha l v ), 1 < i < n — 1. 
Choose T' G Hom(h n , 1) (T' is unique up to scalar). 

Definition 3.2. Set w = v n and define u w := T'h n - l (T n - l )h n ~ 2 {T n ^ 2 )...h(T l )U n G 
Hom(a", a"). 

For example when = T'h 2 (T 1 )h 2 fa(Ti))h(T 1 )Ta v (T)<fi(T). The reader 

is encouraged to give a diagrammatic representation of u w as in [42J. 

Lemma 3.3. Suppose that x,y are sectors such that 

l<i<m l<i<m 

if i < j, and are irreducible. Let T xi G Hom(xj, x), T y i G Hom(yj,y),i = 1, ...,m 
6e isometries. 

If U G Hom(i, ?/) z's unitary then UT X JT*^J* = T y JT*^% = 1, ...,m. 
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Proof By assumption Hom(x, x), Hom(y, y) are finite dimensional abelian algebras, 
and so for each 1 < % < m we have UT X ^{T*JJ* = T y jT*j for some j. 
By equation we have 

d y (j)y(UT Xii T* ti U*) = 40^(7^7;* J = d Xi 

Hence d Xi = d y . . By assumption it follows that % = j,l < % < m. ■ 

Lemma 3.4. Let U G Hom(a^/i J , h l d 2 ), i, j > be a unitary. Then h l (p(e(v,v)))U = 
Up{e{v,v)). 

Proof Since a vo is irreducible, we have la v a v ,a v a v ) = la v a vi a v a v ) = 2. We note 
that [a v a v ] = [a (2 , ,...,o)] + [a(o,i,o,---,o)] and d (2fi '"" a) = . > 1 and so the as- 

a (2,o,...,o) 8in( k+n ) 

sumption of Lemma [3.31 is verified. Denote by P\,P 2 G Hom(t> 2 ,t> 2 ) the two different 
minimal projections corresponding to (2, 0, 0), (0, 1, 0) respectively. Note that 
p(Pi) , h l (p(Pi)) , I = 1,2 are minimal projections in Hom(o^ J ', d^h?), Hom^a 2 , h l d 2 ) 
respectively and by Lemma [3731 we have U*h l {p{Pif)U = p(Pi),l = 1,2. 

Assume that e(v,v) = Z\P\ + Z2P2 where zi,z 2 G C (cf. Lemma 3.1.1 [13] for 
explicit formulas for Zi,z 2 ). Then h l (p(e(v,v))) = Zi/i J (p(Pi)) + z 2 h l (p(P 2 )) and the 
lemma follows. ■ 

Lemma 3.5. a* (p(e(v , v)))u w = u w a l v {p{e{v , v)), < i < n — 2. 
Proof By Def. 13.21 we can write u w = V{V 2 V 3 where 

VI = < +2 (V 3 ), V 3 = h n -^(T n _ l . 3 )...h 2 (T 2 )h(T 1 ) G Hom(ar" 2 , h^a^ 2 ) 

V 2 ' = al{V 2 ),V 2 = h n - i -\T 2 )...h 2 {T 2 )h(T 1 )Ta v (T) G Rom{a 2 v h n - l ~ 2 , h n ~ l d 2 v ) and 
V{ = r/ i "- 1 (^)...^(T J )/i i - 1 (T J _ 1 )^- 2 (T J _ 2 ).../i(T 1 )Ta,(T)...a;- 1 (T) G Hom^^, a[). 

Although the complicated but explicit formulas of V{, V 2 , V 3 are given above, we 
only use their intertwining properties in what follows. 

Hence 

di(p(e(v,v)))u w = di(p(e(v,v)))V(ai{V 2 )ai+ 2 (V 3 ) 
= V;al(h n -\p(e(v,v)))V 2 )al +2 (V 3 ) 
= V;a i v (V 2 p(e(v,v)))a i v +2 (V 3 ) 
= V;a i v (V 2 )al(p(e(v,v))a 2 v (V 3 )) 
= V{ai(V 2 )ai +2 (V 3 )ai(p(e(v,v))) 
= u w a l v (p(e(v,v))) 

where in the third = we have used Lemma [3.41 ■ 
Lemma 3.6. d r ^~ 1 (p(e(v, v)))u w a w (u w ) = u w a w (u w )a r ^' 1 (p(e(v, v ))). 
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Proof By Def. EJwe can write u w a w {u w ) = W{W£W£ where W£ = < +1 (W 3 ), W 3 = 
h n - 2 {T n „ 2 )...h{T 2 )h{T 1 )Ta v {T)...a n v - 2 {T) G Hom« -1 , /i" -1 ^ -1 ) 

W' 2 = a n v -\W 2 ) ) W 2 = TT'h n -\T 1 )...h{T 1 )a v {T) G Rom(a 2 v h n -\ ha 2 v ) 

and 

W{ = T'h n -\T n )h n - 2 (T n ^ 2 )...h(T 1 )Ta v (T)...a n v - 2 {T) G Hom«- 1 / i , a™- 1 ) 
As in the proof of Lemma 13.51 even though explicit formulas of W 2 , W 3 , W[ are 
given as above, what we need in the following is their intertwining properties. 
Hence 

a n v -\p(e(v,v)))u w ~a w (u w ) = ar\p{e{v,v)))W[a n v ~\W 2 )a^\W 3 ) 

= W{a n v -\h(p(e(v,v)))W 2 )a n v +1 (W 3 ) 
= W{a:'\W 2 )a n v -\p(e(v,v))a 2 v (W 3 )) 
= W[a n v - 1 (W 2 )a n v +1 (W 3 )a n v ~ 1 (p(e(v,v))) 
= u w a w (u w )a r ^~ 1 (p(e(v,v))) 

Where in the third = we have used Lemma 13.41 ■ 

Definition 3.7. For each integer m > 1, u w m := u w a w {u w ) . . .a™ -1 (u w ) G Hom(a ffl m,a ffi ra). 

Theorem 3.8. Let m > 1 be any integer and R G Hom(u> m , w m ). Then 

p(R)u w m = u w mp[R). 

Proof By Lemma[2]32]it is sufficient to prove the theorem for R = v m> (p(e(v, v))), 1 < 
m' < m — 1. When nn\ < m' < n(ni + 1), n% G Z we can write 

u w a w {u w )...a™- l {u w ) = U^al^u^U^ 

where U[ G Hom(a™ 1 , a^, 1 ), U 2 G a™ 1+1 (M) and the theorem follows from Lemma [3.51 
Similarly when m' = nn\,ni G Z we can write 

u w a w {u w )...ci w (u w ) = U^cl^ [u w (i w {u w y)U 2 

with U" G Hom(a™ 1_1 , a™ 1 " 1 ), L^' G a^ 1+2 (M) and the theorem follows from Lemma 

ES3 ■ 

Lemma 3.9. Suppose that p -< w m are irreducible and Let G Hom(/i, w m ),m > 1 
be a set of isometries such that = 1- Then 

(1) For each fixed p, p(t At) j)*u u ,™p(t M) j) G Hom(a M ,a M ) is independent of choices of 

(2) p{t^i}*u w w.p{t ttj i} G Hom(a M ,a M ) is unitary. 

Proof (1) follows immediately from Th. 13.81 To prove (2), note that for each fixed 
p,i 

1 = '^P{t^i)*U w rnp(t X ,j)p{t\ tj )*U* wm p{t^ j )* = p{t^i)*U w rnp{t^i)p(t^iYu* wm p{t^i) 
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where in the second = we have used Th. 13 .81 Similarly 

and the Prop, is proved. ■ 
The unitary in (2) of Prop. 13.91 will be denoted by u p (it may depend on m) in 
the following. 

Definition 3.10. Let \l G and b G H p be irreducible. Define 

ip[ w) := S n d b d w <f) w (e(bp,w)b(u w )e(w,bp)),b G H p . 
Lemma 3.11. Let m > 1 t^j be as in Prop, Iff. ,91 Then 

ib (w) 1 



(lhO^^ Oi- 



Proof 



dbSn ' 



= d™4>™(s(bp,w m )b(u wm )e(w m ,bp)) 
= dM^A^ w m )b{u wm )e{w m , bp)t p>i ) 

= ^ d p (j) p (e(bp, //)&(p(i ft i)*iw»p(*i*,i))e(^, bp)) 
= //i, w m )d p (p p (e(bp, p)u^e(p, bp)) 

where we have used definition of minimal left inverse in the first =, equation (TjQ) in 
the second =, Prop. 12. II in the third =, and Lemma [3.91 in the last =. 
It follows that 

E^tV)" 1 = Y, l ^ w ndld^Mbp,p)u,e(p,bp)) 
b dbSn til 

= 2j lfJ>, w m )d p 22 d b d b (j) p (E(bp, n)b(U(i)e([M, bp)) 

fi b 

= J2dtMui)ll,w m ) 
b 

where we have used Lemma [2.231 in the third =. Since U\ G Hom(l, 1) is unitary 
by Prop. 13.91 |</>i(wi)| = 1 and we have proved that 

/ ("^ i 
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Proposition 3.12. There is a sector c G H p such that | = d c d w . 
Proof By Lemma [3.111 we have 

d w) 1 



By repeated using Verlinde formula we have 

,(w) 

By Lemma 12.311 when m goes infinity, the leading order of | Ylb^bi j^ ) m |niust be 

nd™. Note by Lemma E23] | | < d w . It follows that There is a sector c £ H p such 

that I ^Y"! = d c d w . ■ 
Choose m = 1 and let t^j be isometries as in Lemma 13.91 

Definition 3.13. Assume that p G A_4 and [b] G if p irreducible. Define 

:= d b d^((e(bp,fx)b(p(t^i)*u w p(t^i))£(fx,bp))). 

Note that by Lemma [3.91 is independent of the choice of i. 

Corollary 3.14. Assume that [a v ] = [ha v ], [h n ] = [1], a Vo is irreducible, and if p ~< 
v 2 , 1 -< a M , £/ien [p] = [1]. T/ien t/iere is [c] G il p sitcA that |^fyl = d c dA, VA, col(A) = 
Omod n and [cc] = 5^i<* <-™ t^'' 2 * 1 ] where %\ is a divisor of n. 

Proof Choose m = 1 and let t Pti be isometries as in Lemma 13.91 By equation (pQ) 
we have 

4 W) \- , x 4 M) 



5n ' S'n 
By Lemma [2.231 we have 

ipP 

1 < d c dfj, 



S 



ii 



By Prop. 13.121 we conclude that 

Lei 

eigenvector of the action of [A] on H p . Since la Vo , a Vo ) = 1, by Prop. I2.19l we must have 



dp 

1 d c d p , Wp -< w 

In particular |%^-| = d c d Vo . By Lemma [2.231 we know that Ylb^b" 3 ^ M * s a nonzero 
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■06 = z(j)^°\ for some constant z independent of b. Since [v Q ] = [v ], Ylb^b " * s a ^ so 
an eigenvector of the action of [A] with eigenvalue l^ 2 -, it follows that = z'(f)^°\ 

for some constant \z'\ = 1 independent of b. Hence 



M 2 _ J2~iAvo)Avo)* 



2^/ 



Z~Z0l '<pl~' = Z Z 



By (3) of Lemma [2723] and our assumption we conclude that \z\ = 1, and so by Lemma 
12.121 we have 

„/>0) Avo) q 

^ = i|-i 2 = i|-i 2 = E^^)^ 

A* 

Since < gL, we must have 1^- = cL,Vu -< cc. 

By Lemma 12.361 we conclude that if p -< cc, then p, — u l for some 1 < i < n. Let 
1 < ii < n be the smallest positive integer such that [u; n c] = [c]. Then it is clear that 
[cc] = Y2i<i <iL^* 2n ] where zi is a divisor of n. ■ 

- 2 —i 1 



4 Proof of Th. 2.40 



In this section we preserve the setting of section [2751 Let ci,C2 € End(M) such that 
a u = cic 2 ,ci(M) = Mi, Mi ^ a u (M),M. By Prop. EH] to prove Th. E7J0] it is 
enough to show that Mi is one of the intermediate subf actors in Prop. 12.411 



4.1 Local consideration 

Suppose c is a sector such that cc -< a p ° where p G A_4 is a direct sum of irreducible 
sectors with colors divisible by n. Recall from section 12.61 that if A = Omod n, then 
[a p x °] = [a^°], and we can apply induction of a p x ° with respect to c. The following Lemma 
is proved by a translation of the proof of (3) of Lemma 3.3 in [13] into our setting: 

Lemma 4.1. If X = Omod n, then [a c a Po] = [a?\ C ]- 

By Prop. 12.241 we have Ci = c[c'{. Let c' 2 = c"c2 so that a u = c[c' 2 . Consider 
induction with respect to p c[. 
We have 



Lemma 4.2. [c^] = [1]. 



Proof Apply Lemma 12. 121 to a = poc[, b = p Q c' 2 we have 

^2 = Z^PoCx&jPo,*')-^- = > lupopo,u)— = > exp( ) — 

J ix ^ix '-^ o\x ,~7~Z n J. 

i u v l<i<n 
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Choose A = vq and use Lemma 12.391 we have 



,(A,i) ,(A,i)* 
i D 1A 

Hence by Lemma. 12.201 we obtain la^ 1 , a^ 1 ) > 1. For any /i G A_4, since p§d^ x p -< 
Po^uuPo and each irreducible sector of [p a U uPo] = [PoPo^m] has color divisible by n, 
it follows that if col(/i) 7^ Omod n, then Ip, pqc'^Po) = 0. On the other hand if 
col(/i) = Omod n, by Lemma [4.11 and Prop. 12.91 we have 

la p ; c '\ 1) = ^,44) = Ip:, poc'^po) 

By (1) of Prop. 12.241 it follows that p Q c\ is local. 

By Lemma 12.331 we have [a^ 1 ] = [^[T 1 ], an< ^ ^ Lemma 12.251 and Lemma 12.361 
we conclude that [poc'^po] = X^M] where the sum is over a finite set of posi- 
tive integers. Since poc[ is irreducible and [popo] = J2i<j<nl uj ] we conclude that 
[poc'^po] = Ei<,< „k] Hence d c ; = 1 and [c[c[] = [1]. ■ 

By Prop. 12.241 we have proved 

Corollary 4.3. If X E A^ is irreducible, then Zl,a^° Cl ) > 1 iff A = co l , 1 < % < n. 
4.2 Verifying assumptions of Cor. 13.141 

Set p = pqC\ and all inductions in the rest of this section are with respect to p. 
Lemma 4.4. a\ is irreducible for all irreducible descendants of v 2 v 2 ,vv 3 . 
Proof By Lemma [2.291 and Prop. 12.91 we have for n > 3 

] — 2[1] +4[a 1)0 ] + [a(2,o,...,o,2)] + [ a (o,i,o,...,i,o)] + [ a (o,i,o,...,o,2)] + [ a (2,o,... ,0,1,0)] 
Note that by Cor. 14.31 we have 

la x , a M ) = Z1,Oa>) > 2 

iff [uP(A)] = [p] for some 1 < j < n — 1. It is easy to check with the explicit formulas 
above that a\ is irreducible for all irreducible descendants of v 2 v 2 . n = 2 case is 
simpler, and similarly one can check directly that a\ is irreducible for all irreducible 
descendants of vvv 3 . ■ 

Lemma 4.5. For all A with col(A) = 0, [a\] = [ax]. 

Proof By (2) of Prop. EH and Th. 2.1 of [15] all with Z 1;X ^ iff A = u\ 1 < 
i < n are classified. Using Cor. 14.31 , it follows by inspection of Th. 2.1 of [15] 
that for all A with col(A) = 0, Zxx = lax, ax) 7^ or Zxx = la\,a\) 7^ 0, VA. In the 
latter case by Prop. 12.191 we conclude that A appears in Exp iff lax,a\) 7^ 0. Choose 
A = (n, 0, 0) = A as in Lemma[X39j It follows from Lemma \2. 391 and Cor. I2.20l that 
A G Exp, but la^a^) = 0, contradiction. Hence la x ,ax) 7^ 0, VA, col(A) = Omod n, 
and by Lemma [2.351 we conclude that for all A with col(A) = 0, [ax] = [ax]- B 
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Lemma 4.6. Suppose that Xi -< a^a^^i = 1,2 and £1X2 is a direct sum of a y with 
a u irreducible. Then [xiX 2 ] = [x 2 Xi\. 

Proof By assumption it is enough to check that 

lx±x 2 , a v ) = lx 2 xi, a v ) 

By Lemma \2. 131 we have [a v x 2 ] = [x 2 a u ], together with Frobenius reciprocity we obtain 

lx x x 2 , a v ) = Ixi, a v x 2 ) = lxi,x 2 a v )) = lx 2 x±, a v ) 

■ 

Proposition 4.7. There exists h e End(M) such that [a v ] = [ha v ], [h n ] = [1]. 

Proof First suppose that there is no automorphism h such that [a v ] = [ha v ] or 
[a B ] = [ha v ]. By Lemma 0~5] [ ] = [1] + [a V0 \. By Lemma E33] 

irreducible, it follows that there are sectors Xi,yi with d Xi > l,d Vi > 1 such that 

[a v d v ] = [xi] + [x 2 ], [aj)d v ] = [y x ] + [y 2 ). 

We compute 

[a v d v dv] = [xxCLfj] + [x 2 d^\ = [a v a v a^\ = 2[a v ] + [a( 2 ,o,...,o,i)] + [a(o,i,o,..,o,i)] 

where we have used Lemma. 14.51 in the second = . By assumption d Xi > l,i — 1, 2 we 
have Xihv >- a v , but [xiCiv] 7^ [a v ],i = 1,2. Hence we can assume that 

[xidv] = [a v ] + [a( 2 ,o,...,o,i)]j [ x 2a>v] = M + [a(o,iA-,o,i)] 

Hence 

where we have used Lemma 12.131 in the first = and Lemma. 14.51 in the third = . We 
can assume that 

[ayXi] = [a v ] + [ui],i = 1,2 

where Ui, i = 1, 2 is irreducible and we may have [ui] = [u 2 ]. Note that [a^xi] + [a^x 2 \ = 
[ovVx] + [a v y 2 ] = [a^a v d v ]. 

The same argument applies to yi, i = 1, 2 and we may choose yi such that 

[ayXi] = [a v yi},i = 1,2 

Consider now 

[a%] = [xxXi] + [x 2 x 2 ] + [xix 2 ] + [xzxt] 

= 2[1] +4[a„ ] + [o( 2 ,o,...,o,2)] + Ko,i,o,-,i,o)] + [ a (o,i,o,...,o,2)] + [a(2,o,...,o,i,o)] 
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Note that X{X{ >~ a V y, and [ X q_ X j J ^X j X 2 ] by Lemma [4.41 and Lemma 14.61 Hence 

lX2Xi, X2X1) = IX2X2, X1X1) > 2 

By computing the index of sectors we conclude that 

[xixi] = [aw] + [a(2,o,...,o,2)],[xix 2 ] = [a Vo ] + [a( ,i,...,o,2)] 
[x 2 x 2 ] = [a V v] + [a( ,i,o,...,i,o)],[^2Si] = [a vo ] + [«(2,o,... ,0,1,0)] 
Similarly we obtain 

[yiVi] = [a V v] + [a(2,o,...,o,2)],[ym} = [a vo ] + Ko,i,... ,0,2)] 

[2/22/2] = [aw] + [0(0,1,0,... ,1,0)], [2/22/1] = [a V0 ] + [a(2,o,...,o,i,o)] 
Next compute 

[a&aw] = [a^a^] = [yix x ] + [yix 2 ] + [2/2X1] + [2/2X2]. 

Note that 

ly 2 yi,x 2 x 1 ) = lx 2 y2,x 1 y 1 ) = 2 

and 

lyi%ii yi%i) lyiyii x^Xj) 3 
iyi^2, 2/1*2) = lym, X2X2} = 2 

where we have also used Lemma 14.61 From these equations we conclude that 

[yixi] = [a?] + [a ( i A ...,o,3)] 

or 

[2/1X1] = [a?] + [a ( i A ...o,i,o,o)] 
From [a$Xi] = [a v y%] we obtain 

[dyXxXi] = [a v y x x\] 
Using the formulas for X\X\, y\X\ we obtain 

[fl« a (2,0,...,0,2)] = [ a i>°(l,0,... ,0,1,0,0)] 

or 

[%Q(2,0,...,0,2)] — [ a u a (l,0,...,0,3)] 

Both identities are incompatible with Lemma 12.291 and Lemma 14.51 

Therefore there is an automorphism h such that [a v ] = [ha v ] or [a c ] = [ha v ]. Hence 
h n -< [ti h n -< [a ] by Lemma 14.51 Assume that 

h n -< for some p, col(/x) = Omod n. Since p = po c i ; by Lemma H~T1 there is a sector 
x of a£° such that [a^ 1 ] = [h n ]. Since d x = 1, by Lemma l2.37l we conclude that [x] = [1] 
and [/i n ] = [1]. 

If [ay] = [ha v ], use [h n ] = [1] we have [a v n] = [a^] Hence 0^(71, 0, 0) -< 
for some 1 < j < n which is incompatible with fusion rules in Lemma 12.291 since 
k = n'n > 3n. ■ 
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4.3 Properties of sectors related to a u 
Lemma 4.8. Ife(tu l , A)e(A, uj 1 ) = 1, then n|/col(A). 

Proof By monodromy equation s(oj 1 , X)e(X,uj l ) = exp( 27r '' col( ' A ' > ) and the lemma fol- 
lows. ■ 

Lemma 4.9. If [v\] = J2i<j<k 1 -il ujll '' w } w here k\l\ = n,[u>^ ll w] = [uj^'^w] iff j = 
j'mod k\, and J2i<i< n ~i ^» — ^ ~ !■ Then A = (0, 0, k/ki, 0, 0, k/k\, 0) where 
(0, 0, k/ki) (with li — 1 0's) appears k\ — 1 times, and the last l\ — 1 entries are 
's, and col(A) = Omod n. 

Proof Since [a;' 1 A] = [A], in the components of A, (Ao, A^-j.) appears k\ times. By 
assumption vX is a sum of k\ distinct irreducible subsectors, it follows from Lemma 
12.291 that A has only k\ non-zero components. Since Ao 7^ 0, and col(A) = Mli^zjJ ; 
the lemma follows. ■ 

Proposition 4.10. If [a u ] = [xiyi],l < d Xl < d u where x\ -< a Xl ,yi -< a\ 2 . Then 
either [xi] = [a v ], [y t ] = [h] or [y x ] = [a v ], = [b,], 1 < i < n. 

Proof By using the action of uj if necessary, we may assume that the zero-th com- 
ponents of Ai, A2 are positive. By Lemma [2.351 we can assume that 

= Yl [^ 1Al ] = t Al ]' ^xig'*} = M, < % < h - 1, hh = n 

i<«<fci 

l<i<k 2 

Since a u -< OA1A2 > col(Ai) +C0IA2 = col(u) = lmod n. By Lemma H~8l fc|col(A,). i = 1, 2. 
Hence (hi, k 2 ) = 1. 

Since x%yi,a Vo are irreducible, we may assume that lx~iXi,a VQ ) = 0, i.e., a v X\ is 
irreducible. Let w -< vX\. Since ^[Ai] = [Ai], uj 1i w -< v\i. Let t\\ki be the least 
positive integer such that [a/ 1 * 1 ?/;] = [w). By Lemma H~8l n\UU col(w). But col(w) = 
1 + colAimod n with &i|col(Ai). We conclude that t\ = k\ and 

[vXx\ -< ^ hiw ^ 

0<3<ki-l 

Since a w -< a vXl = Yli<j<ki l a v x j] an d each a v Xj is irreducible, d avj = d w > d v d Xl = 
d v d Xl /n. Hence 

[vX x ] = M u h 

0<j<fei-l 

By Lemma [4.91 we have col(Ai) = Omod n. Hence col(A2) = lmod n and k 2 = 1. If 
l\ = 1, then Ai = (n 1 , ■■■,n'), and d\ 2 = d v . By Proposition on Page 10 of [14] A2 must 
be in the orbit of v or v under the action of uj. But col(A2) = lmod n, so [a\ 2 ] = [a v ] 
and Prop, is proved. In the following we assume that l\ > 2 to reach a contradiction. 
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Note that [o^Aa] = ^i[ a «]> hence [A1A2] = J2o<i<k 1 -i\ Ljll, " u \- By Lemma l2.30l fci > 2. 
We have 

/AiA 2 , AiA 2 ) = h > 1 + /A1A1, wo)/A 2 A 2 , v Q ) = 1 + (fei - 1)/A 2 A 2 , t> ) 

Hence ZfA 2 ,fA 2 ) = 2. 

On the other hand since n = k\l\ > 4, by Lemma [2.291 we have 

aiAi,(o,i,o,...,o)(o,o,...,i,o)> > h + i, [(o,i,o,...,o)(o,o,..,i,o)] = H + 

[(0, 1, 0, 0, 1, 0)] and we conclude that 

ZA1A1, (0,1,0,.. .,0,1,0)) > 1 

We must have 

Z(0,1,0,...,0)A 2 ,(0,1,0,...,0)A 2 > = 2 

Hence by Lemma 12.291 A 2 = (m, 0, 0) or A 2 = (0, ...0, m). 

Note that [(2, 0, 0)] + [(0, 1, 0, 0)] = [v 2 ]. If m > 1 then by fusion rules 

[(2, 0, 0)(0, 0, 2)] = H + [(2, 0, 2)], 1(2, 0, 0)A 2 , (2, 0, ...0)A 2 ) = 3 

We obtain 1(2, 0, 2), A 2 A 2 ) = 1. Similarly we obtain that 1(2, 0, 2), A x Ai) > 1, 
hence /AiA 2 ,AiA 2 ) = ki > ki + 1, a contradiction. Therefore A 2 = v or v. But 
col(A 2 ) = lmod n we have A 2 = v. 

From [Ait;] = [AiA 2 ] = J2o<i<k 1 -il Ljlltu \ anc ^ Lemma I4T91 we conclude that Ai = 
(n',n', ...,n') Hence l\ — 1 contradicting our assumption l\ > 1. ■ 

4.4 The proof of Th. EH 

By Lemma 12.331 Cor. 14.31 and Prop. 14.71 the assumptions of Cor. 13.141 are verified. 
We can find p Q c G H p as in Cor. 13.141 Since [p Po] = Xa<i<n[ ( - 0,i ]> ^ follows that 
d c = 1, and we conclude that p Q C\ -< \p Q c for some A, and by Prop. 12.91 we have 

1 < lp ci,p a x c) = lcx,p p a x c) = lc x ,a x p p c) 

It follows that Ci -< a x g % c for some 1 < i < n. Since Ci(g l c)~ l (M) = Ci(M) as a set, 
replacing C\ by C\(g % c)~ x if necessary, we may assume that [g l c] = [1], and Ci -< a x . 
Since a„ = cic 2 it follows that c 2 -< a M for some /x. By Prop. 14.101 we conclude 
that [ci] = [a v ], [c 2 ] = [bi], or [ci] = [6J, [c 2 ] = [a„],l < i < n. Assume first that 
ci = Ua v U*,C2 = U'biU'* with [/,[/' unitary. Then we have a u = adu av (jji)a v bi = 
aduidvbi. Since a v bi is irreducible we have Ua v (U')U* G C, and this implies that the 
intermediate subfactor c%(M) = adu t a v (M), i.e, it is one of the subfactors in Prop. 
12.411 The case when [c\] = [bi], [c 2 ] = [a v ]l < i < n. is treated similarly. By Prop. 
I2T4T1 Th. 12^01 is proved. 
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5 Related issues 



5.1 Centrality of a class of intertwinners 

We preserve the general setup of section 12.31 If p = pc, p G A_4, d c = 1 it follows 
from definition 12.71 that [a x ] = [a x ] = [c -1 Ac],VA, hence Z XXl = S x>Xl . Motivated by 
our proof of Th. 12.401 we make the following: 

Conjecture 5.1. If Z XXl = S XjXl , then p = pc, p G A^,d c = 1. 

We will prove that Conjecture 15.11 is equivalent to the centrality of a class of 
intertwinners. Assume that Z XXl = S x>Xl . Then for each irreducible A there is (up to 
scalar) a unique unitary u x G Hom(a A ,a A )- 

Similar to Def. 13.71 we define: 

Definition 5.2. u XlXs ... Xm := u\ 1 a Xl {ux 2 )...a Xl \ 2 ...\ n _ 1 {ux n ) G Hom(a AlA2 ... Am , a Al A 2 ...A,J 

If p = pc, p G A_A,d c = 1, then it follows from def. (12.71) we can choose u x such 
that u\ = c~ 1 (e : (A, p)s(p, A)). Use BFE in Prop. 12.11 we have 

«AiA 2 ...A m = c~ 1 {£{\ 1 \ 2 ...\ m ,p)e(p, AiA 2 ...A m )) G Hom(a AlA2 ... Am , a AlA2 ... A ,J, 
Hom(a Al A 2 ...A ra ,flAiA 2 ...A m ) = c~ 1 (Hom(/xAiA2...A m , / uAiA 2 ...A m )). 

By using BFE in Prop. 12.11 again we have proved the following: 

Lemma 5.3. If p = pc, p G A A ,d c = 1, then u XlX2 ... Xm Tu* XiX2 Xm = T,VT G 
Hom(a Al A 2 ...A m , a XlX2 ,„ Xm ). 

Using u x we define: 

Definition 5.4. For any irreducible [b] G H p , A G A_4, 

V^ A) := S u d b d X (j) X (e(bp,X)b(u x )e(X,bp)) 

Lemma 5.5. For any irreducible [b] G H p ,ip^ = c X (f)^\ \c x c x \ = 1 where c x are 
complex numbers independent of b. 

Proof Since by Lemma I2T231 J2 b M 

is an eigenvector of the action of p with 
eigenvalue and by Prop. 12.191 there is up to scalar a unique such eigenvector, it 
follows that there is a complex number c A independent of b such that ip^ = ca<% , V6. 
Similarly since ^ b 0£ [6] is an orthogonal eigenvector of the action of p with eigen- 
value i=r4, we have (f>^ = c' x (j)^ ,\c' x \ = 1,V6. we have 0^ = c x c x 4>l X ^ , Vfe, |c' A | = 1. 

By Lemma [2.231 y^ 6 ip\ , has absolute value 1, and it follows that |c A c A | = 1. ■ 
The following Lemma is proved in the same way as Lemma 13.91 

Lemma 5.6. If u XlX2 ,„ Xm is central, then for fixed p, if t^ G Hom(/i, AiA 2 ...A m ) is 
an isometry, then p(t M )*M AlA2 ... Am p(t M ) G Hom(a At ,a M ) is a unitary independent of the 
choice oft^, and is a scalar multiple of u^. 
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Proposition 5.7. Conjecture ( f5. 1\) is equivalent to the following statement: If Z XXx = 
<5a,Ai? then ux 1 x 2 ...x m is central for all A 1; ...A m , Vm. 

Proof Suppose that Conjecture (15.11) is true. Then it follows from Lemma [5731 that if 
Zw, = 5a,Ad tri en WAiA 2 ...A m is central for all Ai, ...A m , Vm. Suppose now that u Ai a 2 ...a,„ 
is central for all Ai,...A m , Vm. As in the proof of Lemma 13.111 by using centrality 
ux 1 x 2 ...x m we calculate 

— 7H — 7Tr--- _ 7TT = y^ l PAi---^ m )da<P^{e{bp,p)b(u a )e(p,bp))c a 

where \c^\ = 1 . Hence using Lemma 12.231 as in the proof of Lemma 13.111 we have 

Ei^ ^f' 1 1 _ m \ x \ ^2 _ ^AiA £a 2 a S\ m \ a2 

' 6 /(AO / (1) or 1 ~ ' Ai -- Am / z^ dfc - 2^~c — c ■■ ■ ~ c a 
6 % 1} % } n ] b a 5ia 5ia 5ia 

Now choose m = 2m x and A i+mi = Aj, 1 < i < m 1 , sum over Ai,...,A mi and use 
Lemma [5.51 we obtain 

T— = T — 

b a b X a X 

Let m = 2mi go to infinity and notice that df, > 1 we conclude that there must exist 
a sector c such that cZ c = 1 and p = pc for some p G A^. ■ 
For each irreducible A G A ^4 we choose R x \ so that R* xX R X x = d\, X(R Xx )R xx = 1- 
These operatorors are unique up to scalars. 

Lemma 5.8. (1) We can choose ux such that 

p(R* xx )u xx = p(R* xx ),u xx p(R xx ) = p(Rxx),^ 

(2) The relative braiding as defined in Lemma WUR among a' x s (resp. ax's )is a 
braiding and e(a x , a M ) = e(a x , a M ) = p(s(X, //)), VA, p G A ,4. 

Proof Ad (1): Note that p(R* xX )u X x is equal to p(R* xx ) up to a constant of absolute 
value 1, hence we can choose multiply ux,u x by suitable constants of absolute value 
1 so that 

p(R* xx )uxx = p(R*xx) 

If 

Uxxp(Rxx) = cap(^aa),VA, 

multiply both sides on the left by p(R X x)* we conclude that cx = 1,VA. 

Ad (2) The relative braidings are braidings since [ax] = [ax] by assumption and 
Lemma [2. 151 By definition we have 

e(ax, a M ) = u*p(£(A, /i))a A (u M ) = w*u M p(e(A, p)) = p(e(X, p)) 

where we have used Lemma [2 .171 in the second = since u n G Hom(a At , a M ) C Hom(p/i, pp). 
The other case is proved similarly. ■ 
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Definition 5.9. An operator is a cap ( resp.cup ) operator if it is n(R xx ) (resp.fi(R xx )*) 
for some fi, A G A A . It is a braiding operator it is fi(e(X, v)) or fi(e(X,u)) for some 
v,\i, A G A A . 

Definition 5.10. Denote by B XlX , 2 Xm the subspace o/Hom(AiA 2 ...A m , A]A 2 ...A m ) which 
is linearly spanned by operators in Hom(AiA2-..A m , AiA2-.A m ) consisting of products 
of only caps, cups and braiding operators. 

Proposition 5.11. For any T G p{B XlX2 ... Xm ), u Xl Xm T = Tu Xl „. Xm . 

Proof It is enough to check for an operator T which consists of products of only 
caps, cups and braiding operators. Note that the statement of Prop, is independent 
of choices of U\, and we can choose our u x so that they verify (1) of Lemma I5T81 It 
is useful to think of T as an tangle connecting top m strings labeled by a Xl , ...a\ m 
to the bottom m strings labeled by a Xl , ■■■a\ m as in Chapter 2 of [38], where in the 
tangle only cups, caps and braidings are allowed. Then by Prop. I2.1[ uTu* will be 
represented by the same tangle, except the top and bottom m strings are now labeled 
by a Xl , ■■■d Xm . For each closed string in uTu* labeled by a M , by inserting we can 
change the label a M to using Prop. 12.11 without changing the operator since we 
have a closed string. Therefore uTu* is represented by the same tangle T with all 
labels changed from the original labels of T to a M . Since T consists of products of 
only caps, cups and braiding operators, Prop, follows from Lemma [5.81 ■ 

Conjecture 5.12. B XlX2 ,„ Xm = Hom(AiA 2 ...A m , AiA 2 ...A m ), VAi, ...A m , m > 1. 

By Prop. 15.111 and Prop. 15.71 we have proved the following: 
Proposition 5.13. Conjecture Ii5.1^\) implies Conjecture Ii5.1\) . 

By examing the proof of Prop. 15. 7\ we can formulate a weaker version of Conjecture 

(EH). 

Definition 5.14. We say that X is a generator for if for any irreducible fi G A_4, 
there is a positive integer m such that fi -< X m . 

Conjecture 5.15. For some generator X of B xx ^ x = Hom(A m , A m ), Vm > 1 
where m is the number of X that appears in the definition of B xx x . 

S 

Lemma 5.16. Assume that X is a generator for A^. Then the set \[w\\s\ = d\} is 
a finite abelian group. 

Proof Note that by definition |^| = d x implies that e(fi, X)e(X, fi) E C. By Prop. 
12.11 this implies that e(fi, Ai)e(Ai, /i) G C if Ai -< X m ,m > 1 Since A a generator, 
it follows that e(fi, Xi)e(Xi, fi) G C,VAi G A^. Hence |i^H = ^,VAi G A^. By 
properties of S matrix this implies that d^ = 1. On the other hand if d^ = 1 then 
= d x since fxX is irreducible. It follows that the set = d x } is a finite 

abelian group. ■ 
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Proposition 5.17. Conjecture 115. 15\) implies Conjecture 115 . 



Proof Assume conjecture (15. 15)) is true. Then by Prop. 15.111 we know that u\m is 
central. 

As in the proof of Prop. 15.71 replacing A» by A in the summation we have 



— (Ip a a\ ~ 2^ K -~Q~> D ^ 



Choose m to be divisible by the order of the finite abelian group in Lemma 15.161 
and let m go to infinity, the RHS of the above equation has leading order (up to 
multiplication by a positive number) d™. It follows that there is a sector c such that 

AX) 

\^jT) \ = d\. For any fj, -< X , I > 1. Use the centrality of u x i we have 

where |c M | = 1. So we have J2a^ l^wl - d x- Since l4rrl - ^ and J2J^ X)d>n = d l x , 
we conclude that l^fiyl — d^Vfi -< X 1 . Since A is a generator, we conclude that 

l^fijl = ^,V/i. By Lemma [5751 we conclude that |%y| 2 = d 2 ^. Sum over /i on both 

sides we conclude that d c — 1, and the Prop, is proved. ■ 
By Prop. 15.171 and Lemma [2.321 we have proved the following: 

Corollary 5.18. Conjecture ( 15. 1\) is true for where A is the net associated with 
SU(n) k . * 



5.2 Maximal subfactors 

In this section we give an application of Cor. 15.181 
The following notion is due to V. F. R. Jones: 

Definition 5.19. A subfactor N C M is called maximal if Mi is a von Neumann 
algebra such that N C Mi C M implies M x = M or M i = N. 

We preserve the setting of section [2751 We will say that A is maximal if A(M) C M 
is a maximal subfactor. 

Proposition 5.20. // S v \ ^ 0, then X is maximal. 



Proof Let Mi be an intermediate subfactor between X(M) and M. Suppose that 
A = ciCi and c\ = d x d[ as in Prop. 12.241 Since S v \ ^ 0, apply Lemma 12.201 and 
Lemma [2.251 to induction with respect to c[, we conclude that s(v, c^c'^e^c'^, v) G C. 
By Lemma [2.311 we conclude that [c^c'J = [1]. By Prop. 12.241 we must have = 5\i- 
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Since S\ v 7^ 0, by Lemma l2.20l and §2 of [H] we conclude that Z?^„ 2 = 5 W(U2 . By Prop. 
15. 181 we conclude that c\ = fic, \i G A^,d c = 1. Replacing c\ by C\C~ l if necessary we 
may assume that c\ = //. It follows that c 2 = /i 2 for some // 2 £ A_4. By Lemma [2.301 
we conclude that [//] = [A] or [/i] = [w*], 1 < z < n, hence Mi = A(M) or M : M. ■ 

Corollary 5.21. If k + n = p l where p is a prime number, and (k, n) ^ (2, 2), then 
A is maximal iff there is no 1 < i < n — 1 such that [uj 1 X] = [A]. 



Proof By Th. 5 of [13] when k + n = p l where p is a prime number, = iff 
[a/ A] = [A] for some 1 < i < n — 1. Let be the smallest positive integer such that 
[uAA] = [A]. Then [a/ A] = [A] for some 1 < % < n-1, then [A A] -< Ei^xn/uK 1 ] and 
by [ZE] and our assumption that A is maximal it follows that [AA] = Yli<j< n /h t^* 1 ]- 
By Lemma [2.301 and Lemma \2. 331 this is only possible if k = n = 2. The corollary now 
follows from Prop. 15.201 ■ 

Lemma 5.22. Assume that Z^ 1 = 5i^,Wfi. Then (cic 2 ,cic 2 ) = (ciCi,c 2 c 2 ). 

Proof By §2 of [H] we have Z^* = 5^ 1T ^ 2 ) where /i — > r(/i) is an order two 
automorphism of fusion algebra. It follows that [a M ] = [a T (//)], and by [S] irreducible 
sectors of C\vc\ are of the form a M , V/i. Since 

(c 2 c 2 ,a M ) = (c 2 ,a M c 2 ) = (c 2 ,c 2 /i) = (c 2 c 2 ,a M ) = (a 52C2 ,a M ), 

we conclude that [c 2 c 2 ] = [ag 2 c 2 ]) and 

(cici,c 2 c 2 ) = (ci,c 2 c 2 ci) = (ci,cia 52C2 ) = (c 1 ,Cic 2 c 2 ) = (cic 2 ,cic 2 ) 



Corollary 5.23. Suppose that k ^ n — 2, n + 2, n. i/ien A is maximal iff there is no 
1 < i < n — 1 swc/i i/iai [u/A] = [A]. 

Proof When k = 1 the Cor. is obvious. By Lemma [2.331 we can assume that k > 2 
and cf„ > 1. As in the proof of Cor. 15.211 A is maximal implies that there is no 
1 < i < n — 1 such that [u/A] = [A]. Now suppose that there isnol<i<n — 1 such 
that [u/A] = [A]. If S v \ 7^ 0, then A is maximal by Cor. 15.201 If k — 2, the S matrix 
elements are equal to that of S matrix elements for SU(2) n up to phase factors, and 
it follows easily that S v \ ^ if there isnol<i<n — 1 such that [uj 1 X] = [A]. 

Suppose that k > 3,S V \ = 0. Since [vv] = [1] + [vq] we have S Vo \ = —Six 7^ 0. 
Assume that M\ is an intermediate subfactor between A(M) and M, and A = cic 2 
with ci(M) = Mi and c\ = c[c'l as in Prop. 12.241 Apply Lemma 12.201 we have 

lavl, all) > 1. By Lemma [2.331 we must have [all] = [all] and by Lemma [2.361 [c^] = 
^2i<j<n/ji i^ 1 ] ■ By Frobenius reciprocity we have [c^c'J = [c' x ] Since A = c[c'(c2, 
[a;- 71 A] = [A], and by assumption ji = n and [c^c'J = [1]. By Prop. 12.241 we must 
have Z^\ = <^i,V/i. By §2 of [H] we have = <^ 1T ( M2 ) where r(/x) = u mco1 ^ /i or 

r(;u) = uj mcol ^fi,m > 0. We claim that in fact [uo m ] = [1] and r(/i) = /i. First we 
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show that 7-(/i) = w mcol ^V- If instead r(/i) = cu mcol ^fi, since k > 3, r((0, 1, 0, 0)) ^ 
(0, 1, 0, 0), by Lemma [2.201 we must have S , a(o,i,o,...,o) = 0. From the fusion rule 

[(0, 1, 0, 0)(0, 0, 0, 2)] = [(0, 1, 0, 0, 2)] + [vo] 

we must have Sa(o,i,o,. ..,0,2) 7^ 0. By Lemma [2.201 we must have r((0, 1, 0, 0, 2)) = 
(0, 1, 0, 0, 2) = (2, 0, 0, 1, 0), a contradiction. So we conclude that t(/i) = 
uj mcol w yu ; V/i. It follows that [a M ] = [a wm coi( M ) , and in particular [5„] = [o u mO„]. 
So we have 

[u m vci\ = [cia v ] = [cia v ] = [vet], 

and similarly [c2C<j~"V] = [c 2 v]. If [u m ] 7^ [1], by our assumption on A we have 
uj m -/{ cxC\,u m -/{ c 2 c 2 . On the other hand we have 

(vu m v, C1C1) > 1, (vu m v,c 2 c 2 ) > 1 

It follows that ui m Vo -< CiCi,u m v -< c 2 c 2 , and (ciCi,c 2 c 2 ) > 2. By Lemma [5.221 
we conclude that A = C\C 2 is not irreducible, contradicting our assumption. Hence 
[uj m ] = [1] and Z WA12 = <5 MlAi2 . The rest of the proof now follows in exactly the same 
way as in the proof of Prop. 15.201 ■ 

Example 5.24. When n = 2 we have Jones subfactors and their reduced subfactors. 
In the case k = n = 2 there are three irreducible subfactors and they are maximal. Let 
n = 2, k 7^ 2. Then A can be labeled by an integer 1 < i < k. Cor. 15. 23\ implies that i 
is maximal iff i 7^ k/2 (When k = 4 this can be easily checked directly). This can also 
be proved directly using the same argument at the end of section \2.bA 
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